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In this paper, a two-dimensional integrally closed Noetherian local
domain (R,M) with algebraically closed residue ﬁeld is said to be
a Muhly local domain, if the associated graded ring is an integrally
closed domain.
Using the theory of degree functions developed by Rees and
Sharp, and the Zariski–Lipman theory of complete ideals in two-
dimensional regular local rings, we study M-primary ideals
of R having among their Rees valuations exactly one valuation
= ordR . We therefore call these ideals quasi-one-ﬁbered. Some
consequences are deduced.
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Introduction
Degree functions have been introduced by Rees in [20] and their theory has been further devel-
oped by Rees and Sharp in [21].
Let (R, M) be a Noetherian local domain and let I be an M-primary ideal of R . Then Rees has
associated with I an integer-valued function dI on M \ {0} as follows:
dI (x) = e
(
I + xR
xR
)
where e( I+xRxR ) denotes the multiplicity of
I+xR
xR . The function dI is called the degree function deﬁned
by I .
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d(I, v) with d(I, v) = 0 for all except ﬁnitely many prime divisors, such that
dI (x) =
∑
v
d(I, v)v(x)
for all 0 = x ∈ M and the sum is over all the prime divisors of R . Here by a prime divisor v of R , we
mean a discrete valuation v of the quotient ﬁeld K of R whose valuation ring dominates R and the
transcendence degree of the residue ﬁeld of the valuation ring over RM is dim R − 1.
In [21] Rees and Sharp have proved that the integers d(I, v) occurring in the sum above, are
uniquely determined i.e., if d′(I, v) are non-negative integers such that dI (x) =∑v d′(I, v)v(x) for all
0 = x ∈ M, then d′(I, v) = d(I, v) for all prime divisors v of R .
In what follows we will call the integers d(I, v) the degree function coeﬃcients of I .
In case the Noetherian local domain (R, M) is analytically unramiﬁed, d(I, v) = 0 for each prime
divisor v of R that is a Rees valuation of I , while d(I, v ′) = 0 for all other prime divisors v ′ of R
(see [20, Theorem 2.3]).
If in addition R is normal and quasi-unmixed then all Rees valuations of I are prime divisors
of R [23].
Let us recall brieﬂy the deﬁnition of the Rees valuation rings and the corresponding Rees valu-
ations of an M-primary ideal I of a Noetherian local domain R with quotient ﬁeld K . Let t be an
indeterminate over R and let R[It, t−1] be the following subring of R[t, t−1]:
R
[
It, t−1
] :=⊕
n∈Z
Intn
where In = R if n 0.
Further, let R[It, t−1] denote the integral closure of R[It, t−1] in its quotient ﬁeld K (t), and let
{P1, . . . , Pn} be the set of minimal primes of (t−1)R[It, t−1]. Then
Vi :=
(
R
[
It, t−1
])
Pi
∩ K , i = 1, . . . ,n,
are DVR’s with quotient ﬁeld K and they are called the Rees valuation rings of I . The correspond-
ing discrete valuations v1, . . . , vn are called the Rees valuations of I , and the set {v1, . . . , vn} will be
denoted by T (I).
Our objective in this paper is to study the degree function coeﬃcients of quasi-one-ﬁbered M-
primary ideals in two-dimensional Muhly local domains. Throughout this paper, by a two-dimensional
Muhly local domain (R, M) we mean a two-dimensional normal Noetherian local domain with alge-
braically closed residue ﬁeld and with the associated graded ring an integrally closed domain. These
local domains (actually with one more condition) were studied by H.T. Muhly in the early 1960s (see
for example [16,17]). The M-adic order function ordR of such a local domain R is a valuation which
we will mostly denote by vM in the rest of this paper.
In [6] we have studied ﬁrst neighborhood complete ideals I of R , i.e., complete M-primary ide-
als adjacent to M (that is length (MI ) = 1). It turned out that the set of Rees valuations T (I) of I
is contained in {vM,w} with w = vM a prime divisor of R , and w ∈ T (I) while vM may or may
not belong to T (I). In fact we have proved that vM /∈ T (I) if and only if R is regular (see [6, Theo-
rem 3.3]).
In this paper we more generally consider any M-primary ideal I of R such that
T (I) ⊆ {vM,w} and w ∈ T (I),
where w denotes a prime divisor = vM of R .
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that all degree function coeﬃcients d(I, v) of I are zero, except d(I,w) and (possibly) d(I, vM) (see
again Section 1).
In Proposition 2.1 of Section 2, a formula is derived expressing the degree function coeﬃcient
d(I,w) in terms of the base points of I , i.e., the two-dimensional local rings occurring in the unique
ﬁnite quadratic sequence determined by I (see Proposition 1.6). Using this formula, the effect of an
immediate quadratic transformation on d(I,w) is studied in Section 3, in case I satisﬁes the additional
assumptions that it is normal and minimally generated. It turns out (see Proposition 3.3) that d(I,w)
remains invariant under such a transformation, more precisely
d
(
I R1 ,w
)= d(I,w)
where R1 denotes the unique immediate base point of I and I R1 is the transform of I in R1. In
particular, if I R1 is simple (i.e., not a product of two proper ideals), then d(I,w) = 1 (see Proposi-
tion 3.4). Using this, the following results concerning a two-dimensional Muhly local domain (R, M)
are obtained as quick corollaries.
• Let x1, x2, . . . , xd be a minimal ideal basis of M such that x1 /∈ rad(x2, . . . , xd). Let I be an M-
primary ideal of R of the form I = (xn1, x2, . . . , xd), n ∈ N+ , and suppose that I is normal. Then I
is projectively full and e(I) = e(M) + n − 1.
• Let x1, x2, . . . , xd be a minimal ideal basis of M as in the previous point. If the two-dimensional
Muhly local domain (R, M) has minimal multiplicity, then all ideals I = (xn1, x2, . . . , xd), with
n ∈ N+ , are projectively full and e(I) = e(M) + n− 1. Moreover, any ﬁrst neighborhood complete
ideal I of R is projectively full and e(I) = e(M) + 1.
• The following assertions are equivalent
(i) R is regular (a rational singularity).
(ii) There exists a ﬁrst neighborhood complete ideal I of R such that I is normal and
d(I, vM) = 0 (d(I, vM) = embdim R − 2).
(iii) Any ﬁrst neighborhood complete ideal I of R is normal and d(I, vM) = 0 (d(I, vM) =
embdim R − 2).
We conclude this paper with two applications (see Proposition 3.13 and Proposition 3.14).
1. Preliminaries
Throughout this paper, let (R, M) denote a two-dimensional normal Noetherian local domain with
algebraically closed residue ﬁeld and with its associated graded ring an integrally closed domain. As
we already mentioned in the Introduction, these local domains will be called two-dimensional Muhly
local domains.
It follows that M is a normal ideal (i.e., Mn is integrally closed or complete for all n ∈ N), and
the M-adic order function ordR is a valuation (denoted by vM) on the quotient ﬁeld K of R . This
valuation vM is the only Rees valuation of M, hence
T (M) = {vM}.
Further it follows that the blowup BlM(R) of R at M is a desingularization of R and this implies
that R is analytically normal (see [12, Remark (16.2) p. 232]).
Now let us recall some facts from the theory of degree functions in a local ring (R, M) as above.
Let I be an M-primary ideal of R , then
dI (x) =
∑
v
d(I, v)v(x) ∀0 = x ∈ M,
and the integers d(I, v) occurring in this formula are uniquely determined (see the Introduction).
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d(I J , v) = d(I, v) + d( J , v)
for every prime divisor v of R [21, Lemma 5.1].
Since R is an analytically unramiﬁed local domain (in fact, R is analytically normal as it admits a
desingularization, see Lipman [12, p. 232]), d(I, v) = 0 for each prime divisor v of R that is a Rees
valuation of I (cf. Rees [20]). Moreover, since R is normal and quasi-unmixed, all Rees valuations of I
are prime divisors of R (cf. J.D. Sally [23]). Hence
d(I, v) = 0 if and only if v ∈ T (I).
It follows that
T (I J ) = T (I) ∪ T ( J ).
In [21], Rees and Sharp show that the multiplicity e(I) of an M-primary ideal I of R is given by
e(I) =
∑
v∈T (I)
d(I, v)v(I).
If I and J are M-primary ideals of R , then Rees and Sharp deﬁne
dI ( J ) = min
{
dI (x)
∣∣ 0 = x ∈ J},
and they prove [21, Theorem 5.2] that
dI ( J ) =
∑
v∈T (I)
d(I, v)v( J )
and
dI ( J ) = d J (I) = e1(I| J ),
where e1(I| J ) denotes the mixed multiplicity of I and J , and is deﬁned by e(I J ) = e(I) + 2e1(I| J ) +
e( J ). Further, Rees and Sharp [21, Corollary 5.3] show that the following statements are equivalent:
(i) I = J where “ ” denotes the integral closure.
(ii) dI (x) = d J (x) ∀x ∈ M \ {0}.
(iii) d(I, v) = d( J , v) for every prime divisor v of R .
Next, we brieﬂy discuss the blowup of R at an M-primary ideal of R . Let I be an M-primary
ideal of R . Following Göhner [7, Section 2] the blowup of R at I , denoted by BlI (R), is the following
model over R in K , i.e., the following set of local rings lying between R and its quotient ﬁeld K :
{
R
[
I
x
]
P
∣∣∣ 0 = x ∈ I, P ∈ Spec
(
R
[
I
x
])}
.
Note that we may also describe the blowup of R at I as
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i=1
{
R
[
I
xi
]
P
∣∣∣ P ∈ Spec
(
R
[
I
xi
])}
,
where x1, . . . , xn generate a reduction of I (see [8, Lemma 1.6]).
If I is a normal M-primary ideal of R , then BlI (R) is a normal complete model over R in K
(see [25]).
One has the following useful result about normal complete models over R in K (cf. [7, Proposi-
tion 2.2]):
If X and Y are normal complete models over R in K then Y is dominated by X if and only if T (X) ⊇ T (Y ).
Here, T (X) denotes the set of those prime divisors of R whose valuation ring belongs to X .
In particular when I and J are normal M-primary ideals of R , then we have
BlI (R) dominates Bl J (R) if and only if T (I) ⊇ T ( J )
where T (I) is the set of Rees valuations of I and T ( J ) the set of Rees valuations of J .
In the special case where I = M, the blowup BlM(R) of R at M is the following set of local rings
{
R
[M
x
]
P
∣∣∣ x ∈ M \ M2, P ∈ Spec
(
R
[M
x
])}
.
For any x ∈ M \ M2 and any maximal ideal N of R[Mx ] lying over M (i.e., N ∩ R = M), the local
ring
R ′ := R
[M
x
]
N
is called a ﬁrst (or an immediate) quadratic transform of R .
Since BlM(R) is a desingularization of R , we know that (R ′, M′) is a two-dimensional regular
local ring and the M′-adic order function ordR ′ is a prime divisor of R , called an immediate prime
divisor of R .
If I is an M-primary ideal of R with ordR(I) = r (i.e., I ⊆ Mr but I  Mr+1), then we have in R ′
I R ′ = xr I ′
with I ′ an ideal of R ′ . This ideal I ′ is called the transform of I in R ′ . If I ′ = R ′ (equivalently, I R ′ is not
a principal ideal), then (R ′, M′) is called an immediate base point of I .
If J ′ is an M′-primary ideal of R ′ , and if n is the smallest positive integer such that xn J ′ is
extended from R (i.e., there exists an ideal J in R such that xn J ′ = J R ′), then
xn J ′ ∩ R
is called the inverse transform of J ′ in R . In the following proposition we give a characterization of
the immediate base points of an M-primary ideal I of R in terms of the Rees valuation rings of I (cf.
Lipman [14, p. 295]).
Proposition 1.1. Let I be an M-primary ideal in a two-dimensional Muhly local domain (R, M) with T (I) =
{vM} (i.e., I is not a power of M). Then every immediate base point of I is a local ring ∈ BlM(R) that is
dominated by a Rees valuation ring of I . Conversely, a two-dimensional local ring (S, N ) ∈ BlM(R) dominated
by a Rees valuation ring of I is an immediate base point of I in each of the following cases:
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• (R, M) satisﬁes condition (N), i.e., for every prime divisor v of R there exists an M-primary ideal A of R
such that T (A) = {v} (A is called asymptotically irreducible for v).
Proof. Let I be an M-primary ideal of R with T (I) = {vM}. It follows that I has at least one im-
mediate base point, since otherwise the normalized blowup BlI (R), of R at I would be dominated
by BlM(R), and this would imply that T (I) ⊆ T (BlM(R)) = {vM} because of [7, Proposition 2.2]. But
this contradicts our assumption about I . So let (S, N ) ∈ BlM(R) be an immediate base point of I , i.e.,
I S is not a principal ideal. It follows that
S /∈ Z := the normalized join of BlM(R) and BlI (R).
By an argument similar to that used by Göhner in the proof of Proposition 2.2 in [7], there exists
a local ring (V, MV ) ∈ Z that dominates (S, N ) and that is residually transcendental over R . This
implies that V is the valuation ring of a prime divisor v of R .
Since V ∈ Z , we have that v ∈ T (Z). As Z is the normalized join of BlM(R) and BlI (R), we have
by Göhner’s Lemma 2.1 in [7] that
T (Z) = T (BlM(R))∪ T (BlI (R))= T (M) ∪ T (I).
Now V /∈ BlM(R) because V dominates S and S ∈ BlM(R), thus v /∈ T (M) = {vM}. Since v ∈ T (Z)
and T (Z) = {vM} ∪ T (I), it follows that v ∈ T (I), in other words (V, MV ) is a Rees valuation ring
of I which dominates (S, N ). To prove the second part of the proposition, we ﬁrst consider the case
where I is an M-primary ideal of R with T (I) ⊆ {vM,w} and w ∈ T (I), where w is a prime divisor
of R = vM .
Let (S, N ) ∈ BlM(R) be the local ring which is dominated by the valuation ring (W, MW ) of w .
Then we have to prove that (S, N ) is an immediate base point of I , i.e., I S is not a principal ideal.
Note, since w = vM (i.e., (W, MW ) /∈ BlM(R)), the local ring (S, N ) is two-dimensional (and
regular). Let us consider again the normalized join
Z := J(BlM(R), BlI (R))= J(BlM(R), BlI (R)).
By Göhner’s Lemma 2.1 in [7], we then have
T (Z) = T (BlM(R))∪ T (BlI (R))= {vM,w}.
Now we claim: I S ′ is a principal ideal for every local ring S ′ ∈ BlM(R) with S ′ = S .
Since the assertion is clear if dim S ′ = 1, we have only to consider the case dim S ′ = 2. Then we
have only to prove that S ′ ∈ Z , for if this is the case, then S ′ dominates a local ring ∈ BlI (R) and this
implies that I S ′ is a principal ideal.
If S ′ /∈ Z , then we show this leads to a contradiction. By an argument as in Göhner’s proof of
Proposition 2.2 in [7], there exists a local ring Q ∈ Z such that S ′ is dominated by Q and Q is
residually transcendental over S ′ (and hence over R). Consequently, dim Q = 1, which means that Q
is a DVR which dominates R . Thus Q is the valuation ring of a certain prime divisor v of R . Since
Q ∈ Z , we have that
v ∈ T (Z) = {vM,w}.
Now v = w because Q = W (since S ′ = S and S ′ is the center of Q on BlM(R) while S is the
center of W on BlM(R)). It follows that v = vM , implying Q ∈ BlM(R) and this gives the desired
contradiction since Q dominates S ′ ∈ BlM(R) and Q = S ′ .
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principal ideal (i.e., S is an immediate base point of I) since otherwise BlI (R) would be dominated
by BlM(R) and this would imply that T (BlI (R)) ⊆ T (BlM(R)) by [7, Proposition 2.2]. Hence T (I) ⊆
T (M) = {vM}, a contradiction since w ∈ T (I) and w = vM .
Finally, we prove the second part of the proposition in case (R, M) satisﬁes condition (N). Again
suppose (S, N ) is a two-dimensional local ring of BlM(R) that is dominated by a Rees valuation ring
(V, MV ) of I and let v denote the corresponding valuation. (Note that v = vM .) We have to prove
that S is an immediate base point of I , i.e., I S is not a principal ideal. Let
v1 = v, v2, . . . , vr
denote the Rees valuations of I , thus
T (I) = {v1, v2, . . . , vr}.
Since R satisﬁes condition (N), there exists an asymptotically irreducible ideal I i for vi (i = 1, . . . , r),
and using the theory of degree functions one can prove that there exist positive integers q, f1, . . . , fr
such that
Iq = I f11 · · · · · I frr . (∗)
Since T (I1) = {v} and v = vM , and since (S, N ) is dominated by (V, MV ), it follows by what has
already been proved, that I1S is not a principal ideal. But then, using (∗), one sees that I S is not a
principal ideal. 
Remark 1.2. Given an M-primary ideal I , with T (I) = {vM}, in a two-dimensional Muhly local do-
main (R, M), it follows from the ﬁrst part of Proposition 1.1 that there exists an element x ∈ M such
that all immediate base points of I show up on the chart R[Mx ], i.e., are of the form R[Mx ]N with N
a maximal ideal of R[Mx ] lying over M.
To see this, ﬁrst recall that we know by Proposition 1.1 that the immediate base points of I are
among the centers of the Rees valuations of I on BlM(R). It therefore suﬃces to show that there
exists an element x ∈ M such that R[Mx ] is contained in every Rees valuation ring of I . Since the
residue ﬁeld RM is inﬁnite, it follows by a well-known avoidance argument that there exists an ele-
ment x ∈ M such that
xV1 = MV1, . . . , xVn = MVn,
where V1, . . . , Vn are the Rees valuation rings of I . Hence R[Mx ] is contained in every Rees valuation
ring of I .
As we have already mentioned in the Introduction, it follows from our deﬁnition of a two-
dimensional Muhly local domain (R, M), that R can be desingularized by blowing up M. Using
this fact we have the following result.
Proposition 1.3. Let (R, M) be a two-dimensional Muhly local domain and let w = ordR be a prime divisor
of R with valuation ring (W, MW ). Then there exists a unique ﬁnite quadratic sequence along w starting
from R:
(R, M) = (R0, M0) < (R1, M1) < · · · < (Rs, Ms) < (W, MW )
where (Ri+1, Mi+1) is an immediate quadratic transform of (Ri, Mi) for i = 0, . . . , s− 1 and each (Ri, Mi)
is birationally dominated by (W, MW ). Moreover, W is the ordRs -valuation ring.
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dominates a unique local ring of BlM(R). Let (R1, M1) denote this local ring (which is called the
center of w on BlM(R)).
Since (R1, M1) is a two-dimensional regular local ring and w is a prime divisor of R1, we have
by Abhyankar’s Proposition 3 in [1], that there exists a unique ﬁnite quadratic sequence
(R1, M1) < (R2, M2) < · · · < (Rs, Ms) < (W, MW )
where each (Ri, Mi) is birationally dominated by (W, MW ) and W is the ordRs -valuation ring. 
Remark 1.4. The inverse transform of Ms in R1 is a simple complete M1-primary ideal I1; it is the
unique simple complete M1-primary ideal that corresponds to the prime divisor w of R1 via Zariski’s
one-to-one correspondence. Moreover, the transform of I1 in Rs , denoted by I
Rs
1 , is the maximal ideal
of Rs , i.e.,
I Rs1 = Ms
(see e.g. [18, p. 608]).
In this paper we will be mainly concerned with M-primary ideals I in a two-dimensional Muhly
local domain, having precisely one Rees valuation w = vM and such that T (I) ⊆ {vM,w}. A few
other characterizations of these ideals are given in the following proposition.
Proposition 1.5. Let (R, M) be a two-dimensional Muhly local domain and let I be an M-primary ideal of R.
Then the following assertions are equivalent:
(i) I has just one Rees valuation = vM , say w, such that T (I) ⊆ {vM,w}.
(ii) I has only one immediate base point, say (R ′, M′), and the integral closure I R ′ of the transform of I in R ′ ,
is some power of a simple complete M′-primary ideal of R ′ (hence T (I R ′ ) = {w} with w the unique Rees
valuation of this simple complete ideal).
(iii) I has only one immediate base point (R ′, M′) and the transform I R ′ of I in R ′ is projectively equivalent
to a simple complete M′-primary ideal I ′ of R ′ (i.e., (I R ′ )n = I ′m with n,m ∈ N+).
(iv) I has only one immediate base point (R ′, M′), and T (I R ′ ) = T (I ′), with I ′ a simple complete M′-primary
ideal of R ′ .
Proof. We ﬁrst prove the implication (i) ⇒ (ii). Let (R ′, M′) denote the center of w on BlM(R), i.e.,
the unique local ring of BlM(R) that is dominated by the valuation ring (W, MW ) of w . It follows
from Proposition 1.1 that (R ′, M′) is the unique immediate base point of I . This implies that the
blowup BlIM(R) is obtained by ﬁrst blowing up R at M and then blowing up R ′ at I R ′ . Hence we
have that
T (IM) = T (M) ∪ T (I R ′).
Since T (IM) = T (M) ∪ T (I), where T (M) = {vM}, and w ∈ T (I) with T (I) ⊆ {vM,w}, it follows
that
T (M) ∪ T (I R ′)= {vM,w},
and hence
T
(
I R
′)= {w}
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M \ M2, which is impossible).
So, the integral closure I R ′ of I R
′
is a complete M-primary ideal of R ′ having w as its unique Rees
valuation. Because of Zariski’s theory of complete ideals in a two-dimensional regular local ring, we
have that I R ′ is some power of the simple complete M′-primary ideal I ′ of R ′ that corresponds to
the prime divisor w of R ′ . Next, we prove (ii) ⇒ (i).
So let us suppose I has only one immediate base point (R ′, M′) and I R ′ = I ′n , n ∈ N+ , where I ′
is a simple complete M′-primary ideal of R ′ . To I ′ there corresponds a unique prime divisor of R ′ ,
namely the unique Rees valuation w of I ′ (see [4, Corollary 3.6]). Thus
T
(
I R
′)= T (I R ′)= T (I ′)= {w}.
By the same argument as in the proof of (i) ⇒ (ii), we have that T (I) ⊆ {vM,w}. Moreover,
w ∈ T (I), since otherwise we would have that T (I) = {vM} and this would imply that I is some
power of M, contradicting the fact that I has an immediate base point (namely (R ′, M′)). This proves
the implication (ii) ⇒ (i).
The implication (ii) ⇒ (iii) being trivial, we next prove the converse (iii) ⇒ (ii). To do so, we ﬁrst
recall that, by deﬁnition, two ideals a and b of R are projectively equivalent if an and bm have the
same integral closure for some positive integers n and m. Because of [15, Lemma 2.1] we always may
assume that n and m are relatively prime. Thus, since I R
′
is projectively equivalent to the simple
complete M′-primary ideal I ′ of R ′ , we have that
(
I R ′
)n = (I ′)m,
with n,m ∈ N+ and gcd(n,m) = 1 (see Lemma 2.1b) in [15]).
From [21, Corollary 5.3], it then follows that
d
((
I R
′)n
,w
)= d((I ′)m,w)
and thus
nd
(
I R
′
,w
)=md(I ′,w),
where w denotes the unique Rees valuation of I ′ . Because of [4, Corollary 3.6], we know that
d
(
I ′,w
)= 1
and hence
m = nd(I R ′ ,w).
Thus
gcd(n,m) = n
which implies that n = 1.
Hence
I R ′ = I ′m = I ′m
which proves (iii) ⇒ (ii).
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and J are projectively equivalent if and only if T (I) = T ( J ) and the Rees integers of I and J are
proportional (which is certainly the case if I or J has only one Rees valuation). 
Proposition 1.6. Let I be an M-primary ideal of a two-dimensional Muhly local domain (R, M) satisfying
the equivalent conditions (i)–(iv) of Proposition 1.5.
Then there corresponds to I a unique ﬁnite quadratic sequence starting from (R, M)
(R, M) < (R1, M1) < · · · < (Rs, Ms)
such that I Rs = Mns for some n ∈ N+ .
Proof. Since I satisﬁes condition (i) of Proposition 1.5 we have that T (I) ⊆ {vM,w} with w ∈ T (I),
where w denotes a prime divisor = vM of R . We know from Proposition 1.3, that there exists a
unique ﬁnite quadratic sequence
(R, M) < (R1, M1) < · · · < (Rs, Ms) < (W, MW )
dominated by the valuation ring (W, MW ) of w .
Moreover W is the ordRs -valuation ring (see Proposition 1.3), so we have that w is the ordRs -
valuation. Since (R1, M1) is dominated by the Rees valuation ring W of I , we have by the second
part of Proposition 1.1 that (R1, M1) is an immediate base point of I , hence I R1 is an M1-primary
ideal. Further, T (I R1 ) = {w} since I has only one immediate base point (R ′, M′) and the transform
of I in that base point R ′ satisﬁes T (I R ′ ) = {w} (see (ii) of Proposition 1.5). Hence
T
(
I R1
)= {w}.
Now w is also a prime divisor of the two-dimensional regular local ring (R1, M1), so by Zariski’s
one-to-one correspondence there exists precisely one simple complete M1-primary ideal J in R1
such that
T ( J ) = {w}.
From Proposition 1.3 combined with Remark 1.4, it follows that J is the inverse transform of Ms
in R1 and J Rs = Ms .
So in the two-dimensional regular local ring (R1, M1) we have a complete M1-primary ideal I R1
such that T (I R1 ) = T ( J ) where J is a simple complete M1-primary ideal. Because of Zariski’s Unique
Factorization Theorem this implies that I R1 is some power of J , say
I R1 = Jn with n ∈ N+.
According to Lipman [13, Proposition 1.18(ii)] we have that
(
I R1
)Rs = I Rs
and thus
I Rs = ( Jn)Rs .
Since “transform” respects products, it follows that
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and this proves the existence of the quadratic sequence.
It remains to prove the uniqueness of this quadratic sequence.
Suppose
(R, M) < (R ′1, M′1)< · · · < (R ′t, M′t)
is another such a quadratic sequence. Then
I R
′
t = M′ et with e ∈ N+.
It is clear that (R ′1, M′1) is an immediate base point of I , and since I has only one immediate base
point (namely (R1, M1)), it follows that
R ′1 = R1
and hence
I R
′
1 = I R1 .
In the ﬁrst part of this proof we have seen that
I R1 = Jn,
with J a simple complete M1-primary ideal of R1.
So we have now two ﬁnite quadratic sequences starting from (R1, M1), namely
(R1, M1) < (R2, M2) < · · · < (Rs, Ms)
and
(R1, M1) <
(
R ′2, M′2
)
< · · · < (R ′t, M′t)
with J Rs = Ms and I R ′t = M′ et .
From [13, Proposition 1.18(ii)] and the fact that the transform of a complete ideal is again complete,
we have that
I R
′
t = (I R1)R ′t .
Consequently, we have in the two-dimensional regular local ring (R ′t , M′t) that
(
Jn
)R ′t = I R ′t = M′ et .
Since
(
Jn
)R ′t = ( J R ′t )n
we have that
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J R
′
t
)n = M′ et
and thus
J R
′
t = M′t
because of Zariski’s Unique Factorization Theorem. So (R1, M1) < (R ′2, M′2) < · · · < (R ′t , M′t) is, just
like (R1, M1) < (R2, M2) < · · · < (Rs, Ms), a quadratic sequence such that the transform of J in the
last member of the sequence is equal to its unique maximal ideal.
According to Noh [18, p. 608] there is only one such a quadratic sequence starting from (R1, M1),
hence the two quadratic sequences above coincide and this proves the uniqueness. 
Note that the local rings of the sequence
(R, M) < (R1, M1) < · · · < (Rs, Ms)
in the previous proposition, are the base points of the ideal I . Here an iterated quadratic transform
(S, N ) of (R, M) is said to be a base point of I if I S is not a principal ideal. Thus the ideal I has only
one branch of base points. For ease of reference, we now introduce the following deﬁnition.
Deﬁnition 1.7. An M-primary ideal of a two-dimensional Muhly local domain (R, M) satisfying the
equivalent conditions (i)–(iv) of Proposition 1.5, is said to be quasi-one-ﬁbered.
Remark 1.8. Since a quasi-one-ﬁbered M-primary ideal I of R satisﬁes assertion (i) of Proposition 1.5
(i.e., T (I) ⊆ {vM,w} and w ∈ T (I)), it follows that almost all degree function coeﬃcients of I are
zero, more precisely, d(I, v) = 0 for all prime divisors v of R such that v /∈ {vM,w}.
Therefore in the rest of this paper we may conﬁne our attention to the following two degree
function coeﬃcients of I: d(I,w) and d(I, vM).
Note that d(I,w) is always non-zero (since w ∈ T (I)), while d(I, vM) is non-zero or zero accord-
ing to the fact whether or not vM ∈ T (I). In the examples below we will see that both cases do
occur.
Example 1.9. Consider the following two-dimensional Muhly local domain
R := k[X, Y , Z ](X,Y ,Z)
(X2Y − Y 2 − Z2 − X Z)(X,Y ,Z)
with k an algebraically closed ﬁeld and X, Y , Z indeterminates over k.
Then
R = k[x, y, z](x,y,z), x2 y = y2 + z2 + xz,
with x, y, z the images of X, Y , Z in R , and M = (x, y, z) the unique maximal ideal of R . Let us
consider the following M-primary ideal of R
I := (x2, y, z).
Then I is adjacent to M (i.e., length (MI ) = 1) and μ(I) = 3, where μ(I) denotes the number of
elements in a minimal ideal basis of I .
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that I is complete. Moreover I is simple (i.e., not a product of two proper ideals) because ordR(I) = 1.
Next we show that
T (I) = {vM,w}
where w denotes the ordR1 -valuation corresponding to the unique immediate base point (R1, M1)
of I . (Here we recall that R1 is given by R1 = R[Mx ]M1 with M1 := (x, yx , zx ).)
In order to prove our assertion concerning T (I), we note that M1 is the transform of I in its
unique immediate base point (R1, M1), i.e., I R1 = M1. According to Proposition 1.6, we thus have
that
(R, M) < (R1, M1)
is the unique quadratic sequence corresponding to I . Thus the blowup BlIM(R) of R at IM is ob-
tained by blowing up R at M, followed by blowing up the local ring (R1, M1) ∈ BlM(R) at I R1
(see [8, Lemma 1.11]). Note that BlI R1 (R1) = BlM1 (R1) since I R1 = xM1.
It follows that T (IM) = {vM,w} and hence
T (I) ⊆ {vM,w}
because T (IM) = T (I) ∪ T (M) (see the beginning of this section or [24, Proposition 10.4.8]).
Now we have that w ∈ T (I) since otherwise we would have that T (I) = {vM}, implying that
I = M, since I is a simple complete M-primary ideal of R . This is impossible, hence w ∈ T (I).
So there only remains to prove that vM ∈ T (I). If not, then the center of vM on BlI (R) (i.e.,
the unique local ring (S, N ) ∈ BlI (R) that is dominated by the valuation ring (V, MV ) of vM) is
two-dimensional.
Now we have that R[ Iz ] ⊆ V , so let P := MV ∩ R[ Iz ]. Then
(
R
[
I
z
]
P
, P R
[
I
z
]
P
)
is the center (S, N ) of vM on BlI (R). Since dim S = 2, we have that tr deg RM
R[ Iz ]
P = 0 and hence the
ﬁeld extension RM ⊆ SN is algebraic. It follows that
R
M =
S
N
because RM is algebraically closed. Since
S
N = RM (( yz )), where “ ” denotes the natural image of yz
in SN , there exists an element a ∈ R such that yz − a ∈ N . This implies that
y − az ∈ zN ⊆ zMV ⊆ M2V
and thus
vM(y − az) 2
contradicting the fact that {x, y − az, z} is a minimal ideal basis of M. So vM ∈ T (I) and hence
T (I) = {vM,w}. It follows that both the degree function coeﬃcients d(I,w) and d(I, vM) are non-
zero.
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R = k[x, y, z](x,y,z), x2 y = y2 + z2 + xz
with M = (x, y, z) and let I = (x2, y, z).
We now consider the M-primary ideal
J := (x2, z, xy).
We claim that J is complete. In order to prove this, we ﬁrst observe that I = ( J , y) and y /∈ J . This
implies that J ⊂ I are adjacent. Since I is complete, it follows that J = J or J = I . So it suﬃces to
prove that J = I leads to a contradiction.
If J = I , then we have e( J ) = e(I). Since I is complete and adjacent to M, we have that e(I) =
e(M) + 1 because of [5, Proposition 3.5]. Hence e(I) = 3 and thus we would have that e( J ) = 3,
contradicting the fact that e( J ) = length( R
(x2,xy+z) )  4. Thus J is complete. Moreover J is simple
because vM( J ) = 1. Further we have the following:
• J has at least one immediate base point, namely
R1 = R
[M
x
]
M1
with M1 = (x, yx , zx ) and M1 = (x, yx )R1 the unique maximal ideal of R1.
• The transform J R1 of J in R1 is given by
J R1 =
(
x,
z
x
, y
)
R1 =
(
x,
z
x
)
R1,
and J R1 is adjacent to M1. Hence it is a simple complete M1-primary ideal in the two-
dimensional regular local ring (R1, M1).
• J has only one Rees valuation. To see this, note that all Rees valuations of J show up on the chart
R[ J
x2
] since (x2, xy + z) is a minimal reduction of J . Since the ideal J R[ J
x2
] = (x2)R[ J
x2
] has only
one minimal prime ideal P := (x, yx )R[ Jx2 ], it follows that J has only one Rees valuation ring W ′ ,
namely
W ′ = R
[
J
x2
]
P
= k
[
x,
y
x
,
z
x2
]
(x, yx )
,
with unique maximal ideal MW ′ = ( yx )W ′ .
So J = (x2, z, xy)R is a quasi-one-ﬁbered complete M-primary ideal of R with T ( J ) = {w ′}, where
w ′ denotes the valuation corresponding to the DVR W ′ . Note that this implies that (R1, M1) is the
unique immediate base point of J and that w ′ is the prime divisor of R1 that corresponds to the
simple complete M1-primary ideal J R1 according to Zariski’s one-to-one correspondence.
Since e( J R1 ) = 2 ( J R1 is adjacent to M1, hence e( J R1) = e(M1) + 1 = 2), we see that the trans-
form ( J R1 )R2 of J R1 in its unique immediate base point (R2, M2) is M2, in other words
(R, M) < (R1, M1) < (R2, M2)
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ideal J , according to Proposition 1.6.
Note that d( J , vM) = 0 in this example.
Remark 1.11. The quasi-one-ﬁbered complete M-primary ideals I and J in the previous examples are
normal (since the two-dimensional Muhly local domain (R, M) is a rational singularity) and minimally
generated (since both μ(I) and μ( J ) are equal to dimk(
M
M2 ); see Section 3 for the deﬁnition of
“minimally generated”).
In Section 3 we will study the degree function coeﬃcients of this sort of complete ideals in any
two-dimensional Muhly local domain.
2. A formula for d(I,w)
In this section we derive a formula for the degree function coeﬃcient d(I,w) of a quasi-one-
ﬁbered M-primary ideal I of a two-dimensional Muhly local domain (R, M).
Let us start by considering the following special case where I is a ﬁrst neighborhood complete ideal
of R . This means that the complete ideal I of R is adjacent to M (i.e., (MI ) = 1). First we recall
some background material concerning ﬁrst neighborhood complete ideals in two-dimensional Muhly
local domains (the reader is referred to [6] for more details). In [6, Lemma 3.1] it is proved that the
inverse transform I of the maximal ideal M′ of an immediate quadratic transform R ′ of R , is a simple
complete M-primary ideal such that I ⊂ M are adjacent. Thus I is a ﬁrst neighborhood complete
ideal of R . To see this we recall that we can always choose a minimal ideal basis x1, x2, . . . , xn of M
such that
R ′ = R
[M
x1
]
M1
with M1 =
(
x1,
x2
x1
, . . . ,
xn
x1
)
and
M′ =
(
x1,
x2
x1
)
R ′.
It then follows that
I = (x21, x2, . . . , xn) (cf. [6, Lemma 3.1(i)]),
implying that I ⊂ M are adjacent. Thus I is a ﬁrst neighborhood complete ideal of R . From this it
follows immediately that (R ′, M′) is the unique immediate base point of I , that M′ is the transform
of I in R ′ , and that T (I) ⊆ {vM,w} with w ∈ T (I) where w = ordR ′ -valuation (i.e., I is quasi-one-
ﬁbered in the sense of Deﬁnition 1.7).
In [6, Theorem 3.2] it is proved that every ﬁrst neighborhood complete ideal I of R is of the form
described above, more precisely, it is shown that the mapping that associates to the maximal ideal
M′ of an immediate quadratic transform R ′ of R its inverse transform I in R , is a one-to-one corre-
spondence between the set of immediate quadratic transforms of R and the set of ﬁrst neighborhood
complete ideals of R . The inverse mapping consists in associating to a ﬁrst neighborhood complete
ideal I its unique immediate base point.
Since T (I) ⊆ {vM,w}, almost all degree function coeﬃcients of I are zero, i.e., d(I, v) = 0 for every
prime divisor v of R such that v /∈ {vM,w}. Hence there are only two degree function coeﬃcients
of I that have to be considered:
d(I,w) and d(I, vM).
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From the theory of degree functions it follows that
e(I) = d(I, vM)vM(I) + d(I,w)w(I)
(see [21, Theorem 4.3]).
Further we have the following “reciprocity” relation [21, Theorem 5.2]
dI (M) = dM(I),
and thus
d(I, vM)vM(M) + d(I,w)w(M) = d(M, vM)vM(I).
Since T (M) = {vM}, we have by [21, Theorem 4.3] that
e(M) = d(M, vM)vM(M),
and hence
d(M, vM) = e(M)
because vM(M) = 1.
From the above observations and the fact that vM(I) = 1, we get
w(I)d(I,w) + d(I, vM) = e(I),
w(M)d(I,w) + d(I, vM) = e(M).
It follows that
(
w(I) − w(M))d(I,w) = e(I) − e(M).
We know that w is the ordR ′ -valuation, so its valuation ring (W, MW ) is given by
W = R ′
[M′
x1
]
(x1)R ′[M′x1 ]
and
MW = (x1)W = M′W.
Since I R ′ = x1M′ , it follows that IW = M2W , thus w(I) = 2. Further MW = (x1)W = MW , hence
w(M) = 1. Consequently w(I) − w(M) = 1. Thus we get
d(I,w) = e(I) − e(M). (2.1)
Since d(I, vM) = e(M) − w(M)d(I,w) and w(M) = 1, we have that
d(I, vM) = 2e(M) − e(I). (2.2)
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seen that this implies that I is a quasi-one-ﬁbered complete ideal. But it is a special one because
its transform I R
′
in its unique immediate base point (R ′, M′) is the maximal ideal M′ (implying
that T (I) ⊆ {vM,w} with w = ordR ′ -valuation). Consequently the unique quadratic sequence that
corresponds to I according to Proposition 1.6 is very simple, namely
(R, M) < (R1, M1)
with (R1, M1) = (R ′, M′) and I R1 = M1.
In the light of the above discussion, we ask the natural question: Let I be an arbitrary quasi-
one-ﬁbered M-primary ideal of a two-dimensional Muhly local domain (R, M). Does there exist a
formula for d(I,w) that generalizes formula (2.1)?
We answer this question in the next proposition.
Proposition 2.1. Let I be a quasi-one-ﬁbered M-primary ideal in a two-dimensional Muhly local domain
(R, M), and let
(R, M) < (R1, M1) < · · · < (Rs, Ms) with I Rs = Mns , n ∈ N+,
be the unique quadratic sequence corresponding to I (see Proposition 1.6).
If w denotes the ordRs -valuation, then
T (I) ⊆ {vM,w} with w ∈ T (I)
and
d(I,w) = e(I) − e(M)ordR(I)
2∑s
j=1 ordR j (I R j )w(M j)
.
Proof. Since I is quasi-one-ﬁbered, we know that (R1, M1) is the unique immediate base point of I
and I R1 = I ′n , n ∈ N+ , where I ′ is a simple complete M1-primary ideal of R1. Because of Noh [18, In-
troduction], the Ms-adic order valuation w is the prime divisor of R1 that corresponds to I ′ via
Zariski’s one-to-one correspondence and it follows for example from [4, Corollary 3.6 and Corol-
lary 3.7] that w is the unique Rees valuation of I ′ . Hence, we have
T
(
I R1
)= {w}.
So, using an argument as in the proof of (ii) ⇒ (i) in Proposition 1.5, we have
T (I) ⊆ {vM,w} and w ∈ T (I).
This implies that d(I, v) = 0 for all prime divisors v of R such that v /∈ {vM,w}. Consequently d(I,w)
and d(I, vM) are the only two degree function coeﬃcients of I which have to be considered.
From the theory of degree functions (see the Introduction) we have that
e(I) = d(I,w)w(I) + d(I, vM)vM(I).
Further, writing out the “reciprocity” relation dI (M) = dM(I), we have
d(I,w)w(M) + d(I, vM)vM(M) = d(M, vM)vM(I),
where vM(M) = 1, and d(M, vM) = e(M) because e(M) = d(M, vM)vM(M).
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(
w(I) − vM(I)w(M)
)
d(I,w) = e(I) − e(M)vM(I)2.
It is easy to see that the proof of Lipman’s Lemma 1.11 in [13] remains valid in our situation, so we
have
w(I) = w(I Rs)+
s−1∑
j=0
ordR j
(
I R j
)
w(M j)
where w(I Rs ) = ordRs (I Rs ) and ordR0(I R0 )w(M0) = vM(I)w(M). It follows that
w(I) − vM(I)w(M) =
s∑
j=1
ordR j
(
I R j
)
w(M j)
(in particular this shows that w(I) − vM(I)w(M) = 0).
Hence
d(I,w) = e(I) − e(M)vM(I)
2∑s
j=1 ordR j (I R j )w(M j)
. 
Note that the formula for d(I,w) in the previous proposition reduces to d(I,w) = e(I) − e(M)
(cf. formula (2.1)) in case I is a ﬁrst neighborhood complete ideal of R , i.e., an ideal of the
form I = (x21, x2, . . . , xd) with x1, x2, . . . , xd a suitable minimal ideal basis of M. Proposition 2.1
will enable us to obtain a generalization of the formula d(I,w) = e(I) − e(M), in case I is of
the form I = (xn1, x2, . . . , xd), n ∈ N+ , where x1, x2, . . . , xd is any minimal ideal basis of M such
that x1 /∈ rad(x2, . . . , xd). We therefore begin by collecting some information about these ideals.
First, note that the condition “x1 /∈ rad(x2, . . . , xd)” is equivalent to “(x2, . . . , xd) is a prime ideal
of R” and also equivalent to “ R
(x2,...,xd)
is a one-dimensional regular local ring” and it implies that
( x2x1
, . . . ,
xd
x1
)R[Mx1 ] ∩ R = (x2, . . . , xd). It follows that
M1 :=
(
x1,
x2
x1
, . . . ,
xd
x1
)
is a maximal ideal of R[Mx1 ] lying over M (i.e., M1 ∩ R = M), and the ring
R1 := R
[M
x1
]
M1
is an immediate quadratic transform of R which is a two-dimensional regular local ring. Since grMR
is an integrally closed domain it follows that R1MR1 is a DVR, hence the maximal ideal M1 of R1 is of
the form
M1 =
(
x1,
xi
x1
)
R1
for some i ∈ {2, . . . ,d}. So we may assume (possibly after renumbering) that M1 = (x1, x2x1 )R1. Let
I := (xn1, x2, . . . , xd) with n 2. In the ring R[Mx ] we have1
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[M
x1
]
= x1
(
xn−11 ,
x2
x1
, . . . ,
xd
x1
)
.
The ideal I ′ := (xn−11 , x2x1 , . . . ,
xd
x1
) is, by deﬁnition, the transform of I in R[Mx1 ]. (For the deﬁnition of
the transform of an ideal of R in R[Mx1 ], see [16, p. 217].) Localizing at M1 yields
I R1 = x1 I ′M1 ,
thus the transform I R1 of I in R1 is I ′M1 .
Since I R1 = R1, the immediate quadratic transform (R1, M1) of (R, M) is an immediate base
point of I . If i ∈ {2, . . . ,d}, then we have I R[Mxi ] = (xi)R[Mxi ], and hence there are no immediate base
points of I on R[Mxi ]. This shows that (R1, M1) is in fact the only immediate base point of I .
Since ( x2x1 , . . . ,
xd
x1
) ∩ R = (x2, . . . , xd), we have that
R[Mx1 ]
(
x2
x1
, . . . ,
xd
x1
)
∼= R
(x2, . . . , xd)
and using the fact that R
(x2,...,xd)
is a one-dimensional regular local domain, we have that I ′ =
(xn−11 ,
x2
x1
, . . . ,
xd
x1
) is a complete ideal of R[Mx1 ]. This implies that I R1 = I ′M1 is complete. Moreover,
I R1 is simple because ordR1 (I
R1 ) = 1. So I = (xn1, x2, . . . , xd) is quasi-one-ﬁbered by Proposition 1.5(ii),
hence T (I) ⊆ {vM,w} and w ∈ T (I) with w a prime divisor of R = vM .
Since I = (xn1, x2, . . . , xd) is contracted from R[Mx1 ], i.e., I R[Mx1 ] ∩ R = I , and I R[Mx1 ] = x1 I ′ with I ′
complete, it follows that I is complete also.
Proposition 2.2. Suppose there exists a minimal ideal basis x1, x2, . . . , xd of the maximal ideal M of a
two-dimensional Muhly local domain R such that x1 /∈ rad(x2, . . . , xd). For every ideal of the form I =
(xn1, x2, . . . , xd) with n 2, we have
d(I,w) = e(I) − e(M)
n − 1 .
Proof. The case n = 2 has already been handled at the beginning of this section, so we may assume
n > 2. Let us recall that the ideal I = (xn1, x2, . . . , xd) has only one immediate base point (R1, M1)
where
R1 = R
[M
x1
]
M1
with M1 =
(
x1,
x2
x1
, . . . ,
xd
x1
)
and M1 = (x1, x2x1 )R1.
The transform I R1 of I in R1 is given by
I R1 =
(
xn−11 ,
x2
x1
, . . . ,
xd
x1
)
and it is a simple complete M1-primary ideal of the two-dimensional regular local ring (R1, M1).
It has immediate base points only on the chart R1[M1x1 ] since I R1 R1[
M1
x2
x1
] = ( x2x1 )R1[
M1
x2
x1
]. In the ring
R1[M1x ] we have1
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[M1
x1
]
= x1
(
xn−21 ,
x2
x21
, . . . ,
xd
x21
)
,
hence
(
xn−21 ,
x2
x21
, . . . ,
xd
x21
)
is the transform of I R1 in R1[M1x1 ]. Further, we have that (xn−21 ,
x2
x21
, . . . ,
xd
x21
) is contained in only one
prime ideal of R1[M1x1 ], namely
M2 :=
(
x1,
x2
x21
)
R1
[M1
x1
]
which is a maximal ideal of R1[M1x1 ] lying over M1. It follows that I R1 has only one immediate base
point, namely
R2 := R1
[M1
x1
]
M2
with unique maximal ideal M2 = (x1, x2x21 )R2 and I
R2 = (xn−21 , x2x21 , . . . ,
xd
x21
)R2.
By continuing this reasoning, we obtain after n− 1 steps the following quadratic sequence starting
from (R, M):
(R, M) < (R1, M1) < (R2, M2) < · · · < (Rn−1, Mn−1)
with
I Rn−1 =
(
x1,
x2
xn−11
, . . . ,
xd
xn−11
)
=
(
x1,
x2
xn−11
)
Rn−1 = Mn−1.
In other words, this is the unique quadratic sequence that corresponds to I = (xn1, x2, . . . , xd) according
to Proposition 1.6.
From Proposition 2.1 we then have that
T (I) ⊆ {vM,w} and w ∈ T (I)
where w is the ordRn−1 -valuation, and
d(I,w) = e(I) − e(M)ordR(I)
2∑n−1
j=1 ordR j (I R j )w(M j)
.
Now we have
ordR j
(
I R j
)= ordR j
(
xn− j1 ,
x2
x j1
, . . . ,
xd
x j2
)
= 1,
since M j = (x1, x2
x j1
)R j and w(M j) = ordRn−1 (x1, x2x j1 ) = 1. Hence d(I,w) =
e(I)−e(M)
n−1 . 
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plete ideal I of a two-dimensional Muhly local domain (R, M) there exists a minimal ideal basis
x1, x2, . . . , xd of M such that I = (x21, x2, . . . , xd).
Although we do not know whether or not the condition x1 /∈ rad(x2, . . . , xd) is satisﬁed, we still
have that the formula d(I,w) = e(I)−e(M)n−1 of Proposition 2.2 holds in this case with n = 2 (see formula
(2.1)), where I = (xn1, x2, . . . , xd) for n 2.
3. Invariance of d(I,w) under quadratic transformations
Let I be a quasi-one-ﬁbered complete M-primary ideal in a two-dimensional Muhly local domain
(R, M) and let d(I,w) and d(I, vM) be its degree function coeﬃcients (cf. Remark 1.8).
Recall that I has only one immediate base point, say (R1, M1), and the integral closure I R1 of its
transform in R1 is some power of a simple complete M1-primary ideal having w as its unique Rees
valuation (cf. Proposition 1.5).
In the main result of this section we will prove that d(I,w) is invariant under the quadratic
transformation R1 of R , i.e., d(I R1 ,w) = d(I,w), in case I is normal and minimally generated.
But ﬁrst let us brieﬂy discuss minimally generated ideals thereby following C. D’Cruz in [3]. Let I be
a complete M-primary ideal in a two-dimensional Muhly local domain (R, M) and let r := ordR(I).
Since the residue ﬁeld k = RM is inﬁnite, there exists an element x ∈ M \ M2 such that
MV = xV
for every Rees valuation ring V of I . It follows that
IM : x = I
(and thus also that IM : x = I).
If μ(I) denotes the number of elements in a minimal ideal basis of I , then we have
μ(I) dimk
( Mr
Mr+1
)
. (3.1)
To see this, note that
dimk
( Mr
Mr+1
)
= R
( Mr
IM + xMr
)
− R
( Mr+1
IM + xMr
)
and from the exact sequence
0→ I
IM →
Mr
IM
×x−→ M
r
IM →
Mr
IM + xMr → 0
it follows that μ(I) = R( MrIM+xMr ). Consequently
dimk
( Mr
Mr+1
)
= μ(I) − R
( Mr+1
IM + xMr
)
(3.2)
and this implies the inequality above.
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minimally generated if
μ(I) = dimk
( Mr
Mr+1
)
.
From the preceding discussion it follows readily that I is minimally generated if and only if
Mr+1 = IM + xMr
where x ∈ M is such that xV = MV for every Rees valuation ring V of I and r = ordR(I).
The two properties of minimally generated ideals, which will be proved in the next lemma, are
the real reasons for considering such ideals in this section.
Lemma 3.2. Let I be a minimally generated complete M-primary ideal in a two-dimensional Muhly local
domain (R, M). Let r := ordR(I) and let x ∈ M be such that MV = xV for all Rees valuation rings V of I .
Then we have
(i) Mn I is complete for all n 0.
(ii) The natural morphism
ϕ : M
r
I
→ M
r R[Mx ]
I R[Mx ]
is an isomorphism.
Proof. To prove (i), we follow C. D’Cruz in [3, Proof of Proposition 3.2]. First we prove that MI is
complete and minimally generated. To this end, we observe that Mr+1 = MI + xMr implies that
MI = MI + x(MI : x).
Since MI : x = I it follows that MI = MI . So it remains to prove that MI is minimally generated.
We already know that MI is a complete M-primary ideal with ordR(MI) = r + 1. Since Mr+2 =
M2 I + xMr+1, it follows by the observation just before this lemma, that MI is minimally generated.
Now the proof of (i) can be ﬁnished by induction on n.
In order to prove (ii), we note that I is contracted from R[Mx ], meaning by deﬁnition that I R[Mx ]∩
R = I , because R[Mx ] is contained in all Rees valuation rings of I and I is complete. This implies that
the morphism ϕ is injective. To prove the surjectivity of ϕ , note that I minimally generated means
that Mr+1 = xMr + IM and hence
Mr+n = xnMr + IMn
for all n ∈ N. This implies that ϕ is surjective, hence an isomorphism. 
We are now ready to state and to proof the main result of this section: Let I be complete M-
primary ideal in a two-dimensional Muhly local domain (R, M). Suppose that I is quasi-one-ﬁbered
(i.e., T (I) ⊆ {vM,w} and w ∈ T (I)) and let (R1, M1) denote the unique immediate base point of I .
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ated. Then the transform I R1 is a complete M1-primary ideal of R1 such that T (I R1 ) = {w} and d(I R1 ,w) =
d(I,w).
Proof. Since the residue ﬁeld RM is algebraically closed, a minimal ideal basis x1, x2, . . . , xd of M can
be chosen such that the unique immediate base point R1 of I is of the form
R1 = R
[M
x1
]
M1
with M1 :=
(
x1,
x2
x1
, . . . ,
xd
x1
)
and such that
MW = x1W and MVM = x1VM,
where (W, MW ) and (VM, MVM ) are the valuation rings of w and vM .
In the ring R[Mx1 ], we have that
I R
[M
x1
]
= xr1 I ′
where r := ordR(I) and I ′ is an M1-primary ideal (I ′ is the transform of I in R[Mx1 ]).
Since I is minimally generated, we have by Lemma 3.2(i), that Mn I is integrally closed for all
n ∈ N. This implies that I R[Mx1 ] is integrally closed, and hence I ′ is integrally closed also. It follows
that
I R1 = I ′M1
is complete, and T (I R1 ) = {w} because of Proposition 1.5.
According to Proposition 1.6, there corresponds to I a unique ﬁnite quadratic sequence starting
from (R, M) and dominated by the valuation ring (W, MW )
(R, M) < (R1, M1) < · · · < (Rs, Ms) < (W, MW ),
such that I Rs = Mns for some n ∈ N+ and with w = ordRs -valuation.
It follows from Proposition 2.1 that
d(I,w) = e(I) − e(M)ordR(I)
2∑s
j=1 ordR j (I R j )w(M j)
.
Since T (I R1 ) = {w}, we have by the theory of degree functions (see Section 1), that
e
(
I R1
)= d(I R1 ,w)w(I R1).
Using Lemma (1.11) of Lipman [13], we have that
w
(
I R1
)=
s∑
j=1
ordR j
((
I R1
)R j )w(M j).
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w
(
I R1
)=
s∑
j=1
ordR j
(
I R j
)
w(M j).
So the formula for d(I,w) becomes
d(I,w) = e(I) − e(M)ordR(I)
2
w(I R1)
.
Since I is normal and since In is minimally generated for all n ∈ N, it follows from Lemma 3.2(ii), that
we have a natural isomorphism MrnIn →
Mrn R[Mx1 ]
In R[Mx1 ]
for all n ∈ N. This implies that

(
R
In
)
= 
(
R
(Mr)n
)
+ 
(
R1
(I R1)n
)
for all n ∈ N. It follows that
e(I) = e(M)ordR(I)2 + e
(
I R1
)
.
Hence
e(I) − e(M)ordR(I)2 = e
(
I R1
)
and thus
d(I,w) = e(I
R1)
w(I R1)
= d(I R1 ,w). 
In the next proposition we consider a special case of the situation treated in Proposition 3.3,
namely we additionally suppose that the transform I R1 is simple.
Proposition 3.4. Let R and I be as in Proposition 3.3. If the transform I R1 of I in its unique immediate base
point R1 is simple, then
d(I,w) = 1,
where w denotes the unique Rees valuation of I R1 .
Proof. From the previous proposition we have
d(I,w) = d(I R1 ,w).
Now, I R1 is a simple complete M1-primary ideal of the two-dimensional regular local ring (R1, M1).
Thus Corollary 3.6 of [4] applies, hence
d
(
I R1 ,w
)= 1. 
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braically closed residue ﬁeld, it follows from the previous proposition that for any simple complete
M-primary ideal I of R we have that
d(I,w) = 1,
where w denotes the unique Rees valuation of I . In order to see this, we recall a few facts from the
theory of complete ideals in two-dimensional regular local rings.
• Any complete M-primary ideal I of R is normal and minimally-generated.
Indeed, I is normal since we have in R that the product of complete ideals is complete again.
Since RM is inﬁnite, there exists an element x ∈ M such that xV = MV for all Rees valuation
rings V of I . Hence R[Mx ] is contained in every Rees valuation ring V of I and this implies that
I R
[M
x
]
∩ R = I,
i.e., I is contracted from R[Mx ]. By Proposition 2.3 in [11], we know that this is equivalent to
μ(I) = ordR(I) + 1.
In other words
μ(I) = dimk
( Mr
Mr+1
)
with r := ordR(I),
i.e., I is minimally generated in the sense of Deﬁnition 3.1.
• Any simple complete M-primary ideal I of R is quasi-one-ﬁbered.
If a complete M-primary ideal I of R is simple, then I has precisely one immediate base point,
say (R1, M1), because all immediate base points of I are lying on the chart R[Mx ] (where R[Mx ]
is contained in every Rees valuation ring of I as in the previous point) and the transform I ′
of I in R[Mx ] is simple and complete (see Huneke [11, Proposition 3.4 and Proposition 3.5]),
implying that I ′ is contained in just one prime ideal M1 of R[Mx ]. Thus R1 := R[Mx ]M1 is the
unique immediate base point of I and the transform I R1 = I ′M1 is simple and complete. Thus any
simple complete M-primary ideal I of R is quasi-one-ﬁbered in the sense of Deﬁnition 1.7, hence
T (I) ⊆ {vM,w} with w ∈ T (I) (see Proposition 1.5). Actually we know that T (I) = {w} because
of Section 4 in [11].
So if I is any simple complete M-primary ideal in a two-dimensional regular local ring (R, M)
with algebraically closed residue ﬁeld, then all the conditions of Proposition 3.4 are satisﬁed and
thus we have d(I,w) = 1.
If
(R, M) < (R1, M1) < · · · < (Rs, Ms)
denotes the unique quadratic sequence determined by the simple complete M-primary ideal I
of R (according to Proposition 1.6), then it follows from our formula for d(I,w) (see Proposi-
tion 2.1) combined with the fact that d(I,w) = 1, that
e(I) = ordR(I)2 +
s∑
j=1
ordR j
(
I R j
)
w(M j),
where w = ordRs -valuation.
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ordR j
(
I R j
)= w(M j)
because of Lipman’s reciprocity formula [12, Proposition (21.4)]. Hence
e(I) =
s∑
j=0
ordR j
(
I R j
)2
where R0 := R .
We now present a few other corollaries of Proposition 3.4. In order to state the ﬁrst corollary, we
brieﬂy recall the notion of projectively full ideal of a Noetherian ring R . Let I be a regular proper ideal
of R . An ideal J of R is called projectively equivalent to I , if there exists positive integers n and m such
that In and Jm have the same integral closure, i.e., In = Jm . In [2] Ciuperca, Heinzer, Ratliff and Rush
introduced the notion of projectively full ideal. An ideal I as above is called projectively full if the set
of integrally closed ideals projectively equivalent to I is the set {In | n ∈ N+}.
Corollary 3.6. Let (R, M) be a two-dimensional Muhly local domain and suppose there exists a minimal
ideal basis x1, x2, . . . , xd of M such that x1 /∈ rad(x2, . . . , xd). Let I be an M-primary ideal of R of the form
I = (xn1, x2, . . . , xd) with n ∈ N+ and suppose that I is normal. Then
(i) I is projectively full;
(ii) e(I) = e(M) + n − 1.
Proof. In the proof of Proposition 2.2 we have seen that I = (xn1, x2, . . . , xd) is a quasi-one-ﬁbered
complete ideal of R . So there corresponds to I a unique ﬁnite quadratic sequence (see the proof of
Proposition 2.2)
(R, M) < (R1, M1) < · · · < (Rn−1, Mn−1),
and T (I) ⊆ {vM,w} with w ∈ T (I), where w is the ordRn−1 -valuation. Moreover, I is minimally gen-
erated because μ(I) = dim R
M
( MM2 ), and I
R1 is simple. Thus all the conditions of Proposition 3.4 are
satisﬁed and hence d(I,w) = 1.
First we show that this implies (i). Let J be a complete M-primary ideal of R that is projectively
equivalent to I (i.e., I i = J j with i, j positive integers). Then I and J have the same Rees valuations,
hence
T ( J ) = T (I).
Further their degree function coeﬃcients are proportional, since d(I i, v) = d( J j, v) implies that
id(I, v) = jd( J , v)
for all prime divisors v of R (see Section 1 and [21, Corollary 5.3]). In particular, we have
id(I,w) = jd( J ,w), (1)
id(I, vM) = jd( J , vM). (2)
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d( J ,w)d(I, vM) = d( J , vM).
Letting s = d( J ,w), this implies that
d
(
I s, v
)= d( J , v)
for all prime divisors v of R . From [21, Corollary 5.3] it follows that J = I s , and thus J = I s since J is
complete. This shows that I is projectively full. Finally, (ii) follows immediately from Proposition 2.2
and the fact that d(I,w) = 1. 
Remark 3.7. Note that the assertion (i) of Corollary 3.6 also holds in the case where I is a normal ﬁrst
neighborhood ideal of R .
To see this, recall that we have seen (just before Proposition 2.1) that there corresponds to I a
unique quadratic sequence
(R, M) < (R1, M1)
and T (I) ⊆ {vM,w} with w ∈ T (I), where w is the ordR1 -valuation.
Further, I is minimally generated because μ(I) = d = dim R
M
( MM2 ), and I
R1 is simple since
I R1 = M1. So all the conditions of Proposition 3.4 are satisﬁed and thus d(I,w) = 1.
From here on the proof proceeds exactly as in Corollary 3.6, so we have that I is projectively full.
Note also that e(I) = e(M) + 1 because of Remark 2.3 and the fact that d(I,w) = 1.
An interesting special case of Corollary 3.6 is given in the next corollary.
Corollary 3.8. Let (R, M) be a two-dimensional Muhly local domain with minimal multiplicity and suppose
x1, x2, . . . , xd is a minimal ideal basis of M such that x1 /∈ rad(x2, . . . , xd). For any ideal of the form
I = (xn1, x2, . . . , xd), n ∈ N+,
we have
(i) I is projectively full;
(ii) e(I) = e(M) + n− 1.
Moreover the assertions (i) and (ii) also hold for any ﬁrst neighborhood complete ideal I of R with n = 2.
Proof. We begin by observing that a two-dimensional Muhly local domain (R, M) has minimal multi-
plicity (i.e., embdim R = e(R)+1) if and only if (R, M) is a rational singularity. (See e.g. [19, p. 64] for
the deﬁnition of a two-dimensional rational singularity.) This can be seen, for example, by combining
results of J.D. Sally [22, Theorem 1], C. Huneke [10, Theorem 2.1 and Theorem 4.5] and A. Ooishi [19,
Theorem 3.1]. It implies that in R any product of complete ideals is complete, in particular any com-
plete ideal is normal (see Lipman [12, Theorem (7.1)]).
In Section 2 (just before Proposition 2.2) we have seen that the ideals I = (xn1, x2, . . . , xd) are
complete, so they are normal in the present situation. Hence (i) and (ii) hold because of Corollary 3.6.
Note that (i) and (ii) hold for any ﬁrst neighborhood complete ideal I of R because of Remark 3.7. 
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(X2−Y Z)(X,Y ,Z) with k an algebraically closed ﬁeld and X, Y , Z indeterminates
over k. If x, y, z denote the images of X, Y , Z in R , then we have
R = k[x, y, z](x,y,z), x2 = yz
and the unique maximal ideal M = (x, y, z)R .
One can verify that (R, M) is a two-dimensional Muhly local domain with minimal multiplicity.
Further y, x, z is a minimal ideal basis of M satisfying the condition y /∈ rad(x, z) (note that the
minimal ideal basis x, y, z does not satisfy the condition x /∈ rad(y, z)).
Thus all ideals I = (yn, x, z), n ∈ N+ , are projectively full and e(I) = n + 1.
Corollary 3.10. Let (R, M) be a two-dimensional Muhly local domain.
Then the following assertions are equivalent:
(i) R is regular;
(ii) There exists a ﬁrst neighborhood complete ideal I of R such that I is normal and d(I, vM) = 0;
(iii) Any ﬁrst neighborhood complete ideal I of R is normal and d(I, vM) = 0.
Proof. (i) ⇒ (iii). Since R is a two-dimensional regular local ring, any complete ideal is normal. In
particular, any ﬁrst neighborhood complete ideal I of R is normal. Moreover, by Remark 3.7 we have
that e(I) = e(M) + 1, hence e(I) = 2 because e(M) = 1 since R is regular. Using formula (2.2) from
Section 2, i.e.,
d(I, vM) = 2e(M) − e(I)
it follows that d(I, vM) = 0.
The implication (iii) ⇒ (ii) being trivial, it remains to prove (ii) ⇒ (i). So let I be a ﬁrst neighbor-
hood complete ideal that is normal, and suppose that d(I, vM) = 0. At the beginning of Section 2
we have seen that a ﬁrst neighborhood complete ideal is quasi-one-ﬁbered. We also know that I is
minimally generated (since ordR(I) = 1 and μ(I) = dim RM (
M
M2 )). Thus we can apply Proposition 3.4
and we have d(I,w) = 1. Hence it follows from formula (2.1) (cf. beginning of Section 2) that
e(I) = e(M) + 1.
This together with d(I, vM) = 2e(M) − e(I) (see formula (2.2) in Section 2) implies that d(I, vM) =
e(M) − 1. Hence
e(M) = 1
because d(I, vM) = 0. Since R is Cohen–Macaulay it follows that R is regular. 
Remark 3.11. It follows from the preceding corollary that a two-dimensional Muhly local domain
(R, M) with minimal multiplicity is regular if and only if vM /∈ T (I) for a (any) ﬁrst neighborhood
complete ideal I of R . We thus recover a special case of Theorem 3.3 in [6].
Using Corollary 3.8 and formula (2.2) from Section 2, we present below a new criterion for a
two-dimensional Muhly local domain R to be a rational singularity.
Corollary 3.12. Let (R, M) be a two-dimensional Muhly local domain.
Then the following conditions are equivalent:
(i) R is a rational singularity;
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embdim R − 2;
(iii) Any ﬁrst neighborhood complete ideal I of R is normal and d(I, vM) = embdim R − 2.
Proof. We have seen in the proof of Corollary 3.8 that a two-dimensional Muhly local domain (R, M)
is a rational singularity if and only if R has minimal multiplicity (i.e., embdim R = e(M) + 1).
In other words, R is a rational singularity if and only if e(M) = embdim R − 1.
First let us prove (i) ⇒ (iii). Since R has minimal multiplicity, Corollary 3.8 implies that e(I) =
e(M) + 1. Using formula d(I, vM) = 2e(M) − e(I) (i.e., formula (2.2)), we have that d(I, vM) =
e(M) − 1. Since e(M) = embdim R − 1, it follows that d(I, vM) = embdim R − 2. The implication
(iii) ⇒ (ii) is trivial.
To prove (ii) ⇒ (i), note that d(I, vM) = embdim R − 2 implies that embdim R − 2 = e(M) − 1,
because d(I, vM) = 2e(M) − e(I) (cf. formula (2.2)) and e(I) = e(M) + 1 by Remark 3.7. Hence
embdim R = e(M) + 1. So R has minimal multiplicity, and this means that R is a rational singu-
larity. 
We end with two applications of the results developed in this paper.
The ﬁrst application concerns the set of the Rees valuations of ideals I = (xn1, x2, . . . , xd), with n a
natural integer strictly bigger than one. Here x1, x2, . . . , xd denotes a minimal ideal basis of the maxi-
mal ideal M of a two-dimensional Muhly local domain R (not regular), such that x1 /∈ rad(x2, . . . , xd).
If these ideals I are normal (for example if R has minimal multiplicity), then we are able to deter-
mine the set T (I) of Rees valuations of I , by combining earlier results of this paper.
But ﬁrst, let us recall the following facts from the paper:
• I is a complete M-primary ideal having a unique immediate base point, say (R1, M1), given by
R1 = R
[M
x1
]
M1
with M1 =
(
x1,
x2
x1
, . . . ,
xd
x1
)
,
and
M1 =
(
x1,
x2
x1
)
R1
possibly after suitable renumbering.
• The transform I ′ of I in R[Mx1 ] is given by
I ′ =
(
xn−11 ,
x2
x1
, . . . ,
xd
x1
)
and it is a complete ideal (see Section 2).
Thus, the transform I R1 of I in R1
I R1 = I ′M1
is complete also (and simple, since ordR1 (I
R1 ) = 1).
• Consequently, by Proposition 1.5, we have that I is quasi-one-ﬁbered. Hence
T (I) ⊆ {vM,w} and w ∈ T (I),
where vM = ordR -valuation and w is the unique Rees valuation of I R1 .
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there is a unique ﬁnite quadratic sequence starting from (R, M),
(R, M) < (R1, M1) < (R2, M2) < · · · < (Rn−1, Mn−1),
such that
I Rn−1 =
(
x1,
x2
xn−11
, . . . ,
xd
xn−11
)
=
(
x1,
x2
xn−11
)
= Mn−1.
It follows that w = ordRn−1 -valuation. Since x1, x2xn−11 is a minimal ideal basis of Mn−1, we have
that w(x1) = 1.
Now we are ready to state our ﬁrst application.
Proposition 3.13. Let (R, M) be a two-dimensional Muhly local domain, not regular. If the ideals I mentioned
above, are normal, then
T (I) = {vM,w}.
Proof. We already know that T (I) ⊆ {vM,w} and w ∈ T (I). So it remains to prove that vM ∈ T (I),
or equivalently, that d(I, vM) = 0. (See Section 1, Preliminaries.) From the theory of degree functions
(cf. Section 1), we have
e(I) = d(I, vM)vM(I) + d(I,w)w(I).
Since vM(I) = 1, this reduces to
e(I) = d(I, vM) + d(I,w)w(I). (∗)
In order to show that d(I, vM) = 0, we now recapitulate a few results from the preceding part of
the paper:
• d(I,w) = e(I)−e(M)n−1 (see Proposition 2.2).• Using the invariance of the degree function coeﬃcient d(I,w) under the quadratic transformation
R → R1, i.e.,
d(I,w) = d(I R1 ,w) (see Proposition 3.3),
and the fact that
d
(
I R1 ,w
)= 1 (Corollary 3.6 in [4]),
we have that
d(I,w) = 1 (see Proposition 3.4).
• Thus, it follows that
e(I) = e(M) + (n − 1) (see Corollary 3.6).
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e(M) + n − 1 = d(I, vM) + w(I).
Since R is not regular, we have e(M) + n − 1 > n. On the other hand, w(I) n, because w(x1) = 1.
Hence
d(I, vM) > 0,
which means that vM ∈ T (I). 
In order to state the second application, let us consider a complete quasi-one-ﬁbered M-primary
ideal I in a two-dimensional Muhly local domain R . Then, I has only one immediate base point,
say (R ′, M′), and T (I) ⊆ {vM,w} with w ∈ T (I). Here, w denotes the unique Rees valuation of the
transform I R
′
(see Proposition 1.5). Using the invariance of the degree function coeﬃcient d(I,w)
under the quadratic transformation R → R ′ , we now compare the orders of I and I R ′ .
Proposition 3.14. With the same conventions and notations as above, let us additionally suppose that I is
normal and minimally generated. Then
e(M)ordR(I) d(I, vM) + ordR ′
(
I R
′)
.
Proof. From the theory of degree functions (cf. Section 1), we have the following “reciprocity” relation
dM(I) = dI (M).
Since T (M) = {vM} (with vM := ordR ), and T (I) ⊆ {vM,w} with w ∈ T (I), this means that
d(M, vM)vM(I) = d(I, vM)vM(M) + d(I,w)w(M).
Using the fact that d(M, vM) = e(M) (cf. Section 1), and vM(I) = ordR(I), vM(M) =
ordR(M) = 1, it follows that
e(M)ordR(I) = d(I, vM) + d(I,w)w(M).
By the same reasoning applied to the M′-primary ideal I R ′ in the two-dimensional regular local ring
(R ′, M′), and observing that T (I R ′ ) = {w}, we obtain
ordR ′
(
I R
′)= d(I R ′ ,w)w(M′).
It follows from Proposition 3.3 that d(I,w) = d(I R ′ ,w). Further, it is clear that w(M′)  w(M). So
we have that
e(M)ordR(I) d(I, vM) + ordR ′
(
I R
′)
. 
R. Debremaeker / Journal of Algebra 344 (2011) 14–46 45Remark 3.15. With I, R and R ′ as in the preceding proposition, we have that
ordR ′
(
I R
′) e(M)ordR(I),
since d(I, vM) 0.
In the special case where I is a complete quasi-one-ﬁbered M-primary ideal in a two-dimensional
regular local ring (R, M) (with algebraically closed residue ﬁeld), this inequality reduces to
ordR ′
(
I R
′) ordR(I),
since e(M) = 1. Here, we have used the fact that any complete M-primary ideal of R is normal and
minimally generated (see Huneke [11, Theorem 3.7, Corollary 3.2 and Proposition 2.3]). Note that this
inequality is well known, see for example Hironaka [9, Lemma 8, p. 217].
However, if the two-dimensional Muhly local domain (R, M) is not regular, then this inequality
does not necessarily hold anymore, as the example below shows.
Example 3.16. Let R := k[X,Y ,Z ](X,Y ,Z)
(XY−Z2)(X,Y ,Z) , where k is an algebraically closed ﬁeld. Then
R = k[x, y, z](x,y,z) and xy = z2,
where x, y, z denote the natural images of X, Y , Z in the right-hand side.
Note that the two-dimensional Muhly local domain (R, M) is a rational singularity (thus, any
product of complete ideals is complete).
Consider the following M-primary ideal in R
I := (x3, y, xz)R.
Then, one can check that I is the integral closure of (x3, y)R , hence I is a complete ideal of R .
Further, R ′ := R[Mx ]M1 with M1 := (x, yx , zx ), is the unique immediate base point of I , and
T (I) = {w}, with w := ordR ′ -valuation (see [6, Example, p. 1149]). In R[Mx ], we have
I R
[M
x
]
= x
(
x2,
y
x
, z
)
.
It can be veriﬁed that (x2, yx , z) = M21, hence the transform I R
′
is given by
I R
′ = M′2.
Now, we have
e(M)ordR(I) = 2
(
since e(M) = 2 and ordR(I) = 1
)
,
and
ordR ′
(
I R
′)= 2.
Hence
46 R. Debremaeker / Journal of Algebra 344 (2011) 14–46ordR ′
(
I R
′)= e(M)ordR(I).
Thus, the inequality ordR ′ (I R
′
) ordR(I) does not hold.
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